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Abstract. We prove the existence of a spectral resolution of the 
Wheclor-DeWitt equation when the underlying spacetime is a Fried- 
man universe v^ith flat spatial slices and whore the matter fields are 
comprised of the strong interaction, with SU(3) replaced by a general 
SU(n), n > 2, and the electro-weak interaction. 

The wave functions are maps from to a subspace of the an- 

tisymmetric Fock space, and one noteworthy result is that, whenever 
the electro-weak interaction is involved, the image of an eigenfunction 
is in general not one dimensional, i.e., in general it makes no sense spec- 
ifying a fermion and looking for an eigenfunction the range of which is 
contained in the one dimensional vector space spanned by the fermion. 
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1. Introduction 

In three former papers [10, 9, 11] we proved a spectral resolution of the 
Wheeler-DeWitt equation in the cosmological case — at least in principle. 
When the spatial slices of the underlying Friedman-Robertson- Walker uni- 
verse are flat we have developed a model in [11] with strictly positive energy 
levels — albeit for a single SO (3) gauge field. For a definition of positive energy 
levels in this situation see [11, introduction]. 

In Friedman-Robertson- Walker models the matter Lagrangians must re- 
flect the spacetime symmetries up to gauge transformations, and hence very 
special ansatze for the gauge fields have to be considered. For SO(n) resp. 
SU(n) gauge fields such ansatze are known for some time, cf. [1] and [13], 
but due to their special nature these ansatze introduce a number of non- 
dynamical variables into the Lagrangian resulting in additional first-class 
constraints. Hence, any attempt to generalize our previous results to higher 
dimensional gauge groups faced two major challenges, first, to handle these 
additional constraints and second, to handle a large number of dynamical 
bosonic variables — in fact any number larger than 1 posed a problem for the 
actual spectral resolution when an implicit eigenvalue problem for the gravi- 
tational Hamiltonian has to be solved and one has to prove that a (weighted) 
i^-norm is compact compared with the gravitational energy norm. The for- 
mer proof only worked in case of a single bosonic matter variable. 

These difficulties could be solved: the additional constraint equations are 
taken care of by considering a special infinite dimensional subspace 

(1.1) E CC^{M.^''+^",J'), 

where is a finite dimensional subspace of the antisymmetric Fock space, 
as the core domain, while in case of the implicit eigenvalue problem the 
compactness property could be proved. 

We consider as underlying spacetime a Friedman-Robertson- Walker space 
N = N'^ with flat spatial sections and the Lagrangian functional has the form 

(1.2) J = a^/ f {R-2A)+ f Lm, + I Lm,. 

Jn Jn Jn 

where Lmi is the Lagrangian of the strong interaction, though we have re- 
placed the SU{3) connection by a general SU(n), n > 2, connection, and ijv/a 
is the Lagrangian for the electro-weak interaction. 

The cosmological constant A is very important, since it will play the role 
of an eigenvalue when we solve the implicit eigenvalue problem. It will turn 
out that A has to be negative. 

The core domain E in (1.1) can be written as an orthogonal sum 

(1.3) ^=0 E,i, 

l<kd<9 

where 

(1.4) iJfcj cCr(K'"+'°,i^a.^fpJ 
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and -FcTfc I'csp. Fp^ are orthogonal subspaces in the fermion spaces Ti resp. 

spanned by the fermions of the strong resp. electro-weak interaction. For 
the electro-weak interaction we have 

(1-5) -^2=0 Fp„ 

1<1<9 

but the FcTfc fail to generate J^i. Each of the Eki generates an infinite di- 
mensional Hilbert space Jiki in which we solve a spectral resolution for the 
Wheeler-deWitt equation. Since the Hki are mutually orthogonal we can 
then define a spectral resolution in the orthogonal sum. 
The main results can be summarized in: 



1.1. Theorem. There exist 81 Hilbert spaces Hki o-s described above, a 
detailed description will be given in the last three sections, and a self- adjoint 
operator H in 

(1.6) ^=0 '^ku 

l<k.l<9 

such that, for fixed {k,l), there exists a complete sequence of eigenf unctions 
^ij € Hki, {i,j) G NxN, with eigenvalues Xij of finite multiplicities satisfying 

(1.7) i/*,, =A,,*,„ 

(1.8) < Xij A hm Ay = oo A lim Xij = 0. 

i— ^oo J— ^oo 

The eigenf unctions are maps from 

(1.9) :R^"+i"^F,, 

Let t be the variable which corresponds to the logarithm of the scale factor, 
then the rescaled eigenf unctions 

(1.10) *„(t,.)==*y(t-ilogA,j,.) 

are solutions of the Wheeler- DeWitt equation with cosmological constant 

(1.11) Ay- = -A--^ 

1.2. Remark, (i) Instead of considering both the strong and the electro- 
weak interactions each can be treated separately leading to similar results. 

(ii) The method of proof can be applied to finitely many matter fields. 

(iii) Whenever the electro-weak interaction is involved the eigenfunctions 
^ in general cannot be written as simple products 

(1.12) 5' = U77, 
such that 

(1.13) ri^Fi®F2 A u{x) G C Vx G R^^+^o. 
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Thus, in general it makes no sense specifying a fermion jy and looking for an 
eigenfunction satisfying 

(1.14) C {t]). 

(iv) The number 81 of mutually orthogonal Hilbert spaces is due to the 
fact that the fermionic constraint operators Ik rcsp. Aq of the strong (SU(ri,)) 
resp. electro-weak interaction each have exactly 9 eigenspaces due to their 
definitions as the sum of number operators. 

2. Conventions and definitions 

In this section we give a brief overview of our conventions and definitions. 
We denote the Minkowski metric by r/ab, < a, 6 < 3, 

(2.1) (77a,) -diag(-l, 1,1,1) 
and define the Dirac matrices accordingly 

(2.2) {7^7'}+ = 277"^ 

7*^ is antihermitean and 7*^ hermitean. When we are dealing with normal 
spinors, e.g., in case of the strong interaction, we choose a basis such that 

'I 0\ 

>0 -I I 



(2.3) 7° = * 



However, when Weyl spinors are considered, e.g., in case of the electro- 
weak interaction, we choose a basis such that the helicity operator 7^ is 
represented as 



(2.4) 7^ = -7°7^7^7'^ 
then 7° has the form 

(2.5) 7° = 
The 7*^, 1 < fc < 3, are defined by 

(2.6) 7' = 



'1 ^ 

>0 -I, 



V 

1 0, 



in both cases, where arc the Pauli matrices. 

Let ip — (ipa) a spinor, then a bar simply denotes complex conjugation 

(2.7) ^ = (V^a); 

the symbol '0 is defined by 

(2.8) = 

where the notation on the right-hand side automatically implies that now ^ 
has to be understood as a row, since 7° acts from the right. 
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The meaning of symbols may depend on the section where they are used, 
e.g., the symbols ||-|| resp. ||-||i denote different norms, though their specific 
definitions will depend on the contexts in which they arc used, though ||-| 
always denotes a (weighted) i^-norm and ||-||i a stronger energy norm. 

Let Q C M", 1 < n, be an open set, then we denote by 

(2.9) iji^2(/2) 
the usual Sobolev space with norm 

(2.10) / {\Du\'' + \u\''}. 

When E is Banach space and Q C K" as before we denote the space of 
test functions defined in Q with values in E by 

(2.11) ^^{n^E). 

We also use a correction term xo occasionally when defining the La- 
grangian, which is a junction defined in the space of Lorentz metrics on 
N such that, when xo is evaluated at a metric of the form 

(2.12) dl^ = -w-'^{dx^f + e^^a^dx'dx\ 
then 

(2.13) xo = e*'/, 
cf. [9, Lemma 3.1]. 



3. The strong interaction 

The underlying gauge group for the strong interaction is SU(3). We shah 
consider a general SU(n), n > 2, instead, since an arbitrary n poses no greater 
challenges. 

As already mentioned in the introduction we have to look at very special 
gauge fields that reflect the symmetries of the underlying spacetime up to a 
gauge transformation. When the spacetime is a Friedman-Robertson- Walker 
space which is topologically either 

(3.1) iV = R X 
or 

(3.2) iV = R X ]R3 

the gauge fields have to be either S0(4) symmetric, i.e., symmetric with 
respect to both left and right actions of SU(2) = 5*0(3) on the spacelike 
sections of iV, or symmetric with respect to rigid motions in after an 
appropriate gauge transformation. 
Let the spacetime metric satisfy 

(3.3) ds^ = -w^dx^^ + e^f a.jdx'dx' , 
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where (fTij) is the standard metric of a space of constant curvature Sq, at the 
moment we allow the possibilities So = or Sq = R'^, but later we shall 
stipulate Sq = R'^, and let the left- invariant 1-forms ui"-, 1 < a < 3 satisfy 

(3.4) a,, = Sabujt^'^ A a'-''c^>^^ = 5"" 

and 



(3.5) dcj" 



0, So = R^ 

Let Ekrn be the matrices 

(3.6) Ekm = (SlSmj) 

for l<fc, m<n + 3 and set 

(3.7) Tkm = Ekm — E,nk 

for 1 < fc 7^ m < n + 3. 

The Tkm with 1 < k < m < S are generators of so (3) or equivalently of 
the Lie algebra of the adjoint representation of SU(2) which is isomorphic to 
su(2). The precise correspondence with the Pauli matrices will be given later 
in Section 6. 

We stipulate that the indices a, b, c, when used in connection with these 
generators or with the matrices in (3.6) or (3.7), will always run from 1 to 3. 
Following [1]^ and [13] we define the connection A = A{t) by 

(3.8) A{t) ^ A{t)+B{t), 
where 

(3.9) A{t) = iA'^"\t)Ek+3,n+3 - ^Alit)E^)dt, 

(3.10) B{t) = i-^oTbceJ'" + z\t)Ea,k+3 - z'^Ek+s^dx', 

(yl'^'"(t)), 1 < fc, TO < ri, is an arbitrary antihermitian matrix, ipo = (po{t) a 
real function and z'' = z^{t), 1 < k < n, arbitrary complex valued functions. 
The bar indicates complex conjugation. 
Writing 

(3.11) A ^ Af.dx^' 

the connection (^^) then has values in su(7i + 3). The connection 

(3.12) A = Af.dx'' = Aodx° 

can be viewed as being a general element of u(n) , when Aq is considered to 
be a homomorphism in the n-dimensional subspace of C"^^ defined by 

(3.13) { C = (0, 0, 0, C^+^ . . . , C"+^) : C'"*'^ e C, 1 < fc < n } = C". 



"'^In the appendix of this paper the necessary procedures for a spacetime A'^ = R X 5o 
with a general homogeneous space So is described. 
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For convenience we shall label the components of in the form 

(3.14) c=(o,o,o,c'') = (C') 

in this case. 

However, we shall consider Aq as a general U(n) connection only for n = I. 
In case n > 2 we shall in addition require 

(3.15) 4=0 

such that Aq has values in su(n). A = A{t) will then be the actual SU(n) 
connection. 

The corresponding matter Lagrangian comprises three terms: the energy 
of the gauge field 

(3.16) Lym, = \tT{F^xF^^), 
a Higgs term 

(3.17) Lh, = -(i.r^'f^'pAXo * + Umxo'^), 

and a massive Dirac Lagrangian describing the fermionic sector 



(3.18) Lp, = -^{ib,E^j-{D^i;Y + ^.Ei^riD^m " ^V'.V'^Xo 

3.1. Lemma. Let Sq ~ K."^ and A be the connection in (3.8), then its 
energy 

(3.19) F2 = -tr(F^AF^^) 
can be expressed as 

(3.20) = ~U{2\^of + \§z\'}w-\-'f + 12{^4 ^ 8^2|^|2 ^ |^|4}g-4/^ 
where, in case n>2, 

(3.21) = ik + Alz"^, 
and A £ su(n), while for n = 1, yl e u(l), 

(3.22) vl = ^" = i^{t), i?(t) e M, 
and 

(3.23) §z = z + ^ii9z. 

Proof. The proof is straight-forward by observing that, when choosing local 
coordinates such that uj^ = Sj, 



(3.24) ^^0, = -^oea'^TbcUj] + {-§z''Ek+3., + ,„+3}, 

where the different definitions of the covariant derivative of z is due to the 
fact that, in case n > 2, yl has the trace zero. 

The other non- vanishing components Fij, i ^ j, are 

F^J = - ^^le.'^e/T,,, - A^oz'e,"' Ef,,,+3 

(3.25) 

+ Aipoz''e;'Ek+3,c~\z\^T,j. 
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The final result is then a simple computation. □ 

Let us now look at the Higgs term. The scalar field = {'P'' ) has values in 
C"+'^, or effectively in C", according to the conventions in (3.13) and (3.14). 
The covariant derivative = can be defined either by 

(3.26) ^^=<P,f,+giAf,<P 
or by 

(3.27) = .P,^ + ,9ii^<?, 

where gi is a positive coupling constant. Both definitions make sense. In 
(3.26) we consider the full connection A, while in (3.27) only the effective 
connection A £ su{n) rcsp. A £ u(l), when n = 1, is taken into account. 
Evaluating 

(3.28) \D^\'' = r^^^^x 
in case of (3.26) we obtain 

(3.29) = -w~'\§^<Pf +3gle''^\{<P,z)f, 
where 

(3.30) giA^'P"' 
and 

(3.31) {$,z)=$kz''. 
In case of (3.27) we have 

(3.32) \D^\^ = ~w^^\§$\^. 

The additional lower order term in (3.29) would have the effect that the 
bosonic Hilbert space, we will be working in after quantization, would no 
longer be invariant with respect to the corresponding Hamiltonian. Though 
the overall solvability wouldn't be endangered the lacking invariancc suggests 
that the effective connection will also be the more natural one and we shall 
always use the definition (3.27). 

The potential U = U («?) should be of the form 

(3.33) U^Uoim'') 

with a smooth Uq such that after quantization the resulting Hamiltonian, 
combining Yang-Mills and Higgs field, is self-adjoint with a complete sequence 
of eigenvectors having positive eigenvalues. 
Requiring the estimate 

(3.34) -C2 + cil^fP < U{^) < c[\^fP + 4, 

with 1 < p £ N and positive constants ci,c[ and non- negative C2,C2, will 
guarantee a complete set of eigenvectors. However, a finite number of eigen- 
values could be negative under this very weak assumptions. A positive lower 
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bound of the eigenvalues can be proved, if either the constant C2 is small 
relative to ci or if U satisfies the additional condition 

(3.35) U{$) > 0. 
Hence, the potentials 

(3.36) U{<P) ^ - 
A,/x e K, A > 0, or 

(3.37) U{$) = X\^\'^ + fi\^\^ 
with A > and e M satisfying 

(3.38) ImI < co(A), 

would lead to positive energy levels, see Theorem 9.3 on page 39. 

As we already mentioned in the Section 2 the energy as well as the 

potential U should be multiplied by appropriate powers of a correction term 
Xo which will ensure that these terms are equipped with the right powers of 
the scale factor, cf. [9, Lemma 3.1] for details. 

It turns out that IZ???!^ has to be multiplied by Xq ^ and U hy Xo ^ ■ 
Let us summarize these results in: 

3.2. Lemma. Choosing a coordinate system such that the metric (g^^x) is 
expressed as in (3.3), then the Higgs term (3.17) has the form 

(3.39) Lh, = \w-^\^^1>\\-^f - U{<P)e-^r 

The Lagrangian of the fermionic field is stated in (3.18). Here, ip = [ipl) 
is a multiplet of spinors with spin i; a is the spinor index, 1 < a < 4, and z, 
1 < z < n, the colour index, where we use the convention expressed in (3.14), 
namely, 

(3.40) V= (0,0,0, V^) EE (^^). 

We will also lower or raise the index i with the help of the Euclidean metric 
Let /)j be the spinor connection 

(3.41) = \u:^\^,r, 

then the covariant derivative IJ^iV' is defined by 

(3.42) D^iP = V,,. + r^^/' + giA^^xp. 

In contrast to the previous consideration, when we looked at the Higgs term, 
we do not have to worry about which connection to take, the full connection 
Af^ or the effective connection A^. The Lagrangian will be the same in both 
cases this time. 

Let (e^) be a 4-bein such that 

a b 



(3.43) g^x = Vabe^^cx, 
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where (r?a&) is the Minkowski metric, and let (i?^) be its inverse such that 

(3.44) = Vabg^^el 
of. [5, p. 246]. 

The covariant derivative of with respect to (ga/s) is then given by 

(3.45) EZ,, = EZ^ + r;^i?f 

and 

(3.46) c./„ = Ei^^e\ = -Ey^.^^, 
hence 

(3.47) = luj'.^.r = \EZ,,ehbr = -^E^.^^j^"- 
If we choose in (3.14) So = M.^ and cTy = Sij we deduce 

(3.48) To = 
and 

(3.49) r, = iu;-Ve^7.7°, 1 < « < 3. 

To simphfy the presentation we will consider the connection A when cal- 
culating the covariant derivatives of ip, since one can easily check that the 
final result will not be affected by this choice. 

Thus we deduce 

(3.50) Doyj^ij + giAoi^, 

(3.51) DfeV = AV^ - ii«-Ve^7fe7V, 
and 

4^,EZr{D^i:y = ^,t^'>{E"^Y'Do^j' + E^^rDk^} 

(3.52) = #,7°{w-i7°(i^' + A)iji) 



where we used 

(3.53) E^ = A El^ = e-^S'^:, 

when aij = 5ij. 

In view of (2.2) on page 4 we have 

(3.54) 7^ = 31 A 7V = -I, 
hence the right-hand side of (3.52) is equal to 

(3.55) z^,;7°{u;^S''(^' + 4^') + |«'~'/7V}, 
and we deduce further, by setting 

(3.56) X = ei-^V, 
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where 

(3.58) D^^i = ^ g^A)x' . 

Summarizing the preceding resuhs wc obtain: 

3.3. Lemma. The Dirac Lagrangian can he expressed as 



(3.59) Lf, = -{x.TtX' ~ Ttrx^)w-'e-^f - mzx,7°x'e-4^ 



2 

in view of the definition of xo 



4. Quantization of the Lagrangian 
We consider the functional 

J = a^/ [ {R-2A)+ [ i tr(F^AF^^) 

(4.1) - / {^3^^<Z'm<^aXo"^+C/(^')XoH 



where aM is a positive couphng constant, Q <Z N is open such that 
(4.2) Q^I X 

I — (a, b) is a bounded interval and i? C 5o = K'^ an arbitrary open set of 
measure one with respect to the standard metric of M.^. 

We use the action principle that, for an arbitrary as above, a solution 
(A, ip, g) should be a stationary point of the functional with respect to 
compact variations. This principle requires no additional surface terms for 
the functional. 

Using Lemma 3.1 on page 7, Lemma 3.2 on page 9, and Lemma 3.3 and 
arguing as in [10, section 3], where we observe that now k = 0, we conclude 
that the functional is equal to 

J a 

+ 3 A(2|^„p + \^,z\')w-'ef - (^^ ^ 8^2|^|2 ^ |^|4)^^-/| 

J a 

+ / {\w~^\Tt^?ef -Uwe-f} 

J a 



(4.3) 



6 ^ 

{^(X»£x' - £x'X^) - mixn°x'we-f}. 
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Here a dot indicates differentiation witli respect to tlie time t = x'^ and tlie 
covariant derivatives „ ^" of the variables z, x are defined in (3.21), (3.23), 
(3.30) on page 8, and in (3.58) on page 11. 

Tlius, our functional depends on the variables (/, lySo, -2*7 X% ^j)- For 
the variables w and yl* no time derivatives exist, i.e., the Legendre transfor- 
mation will be singular resulting in corresponding constraints. In case of w 
we obtain the well-known Hamiltonian constraint, while in case of the yl* the 
constraint equations are a bit more complicated. We shall address this issue 
later. 

The dynamical variables are {f,(po,z^,(I>'^,x^), where z', arc complex 
and Xa are anticommuting Grassmann variables. Therefore, wc assume that 
the bosonic and fermionic variables are elements of a graded Grassmann alge- 
bra with involution, where the bosonic variables are even and the fermionic 
variables are odd. The involution corresponds to the complex conjugation 
and will be denoted by a bar. 

The Xa complex variables and we define its real resp. imaginary parts 

as 

(4.4) C = 7l(x; + Xl) 



rcsp. 



(4-5) < = ^(X1-XD. 

Then, 

(4.6) xl = ^iC+0 
and 

(4.7) xl = ^{C-0- 

In case of even variables we use the usual definitions 

(4.8) z'^x' + iy\ 
With these definitions we obtain 



(4.9) 2(x.ix^ - £x^X.) = ^i^t^C+vt^t)- 

Casalbuoni quantized a Bosc- Fermi system in [3, section 4] the results of 
which can be applied to spin i fermions. The Lagrangian in [3] is the same as 
our Lagrangian in (4.9), and the left derivative is used in that paper, hence 
we are using left derivatives as well such that the conjugate momenta of the 
odd variables are, e.g.. 



dL 



and thus the conclusions in [3] can be applied. 
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The Lagrangian has been expressed in real variables — at least the im- 
portant part of it — and it follows that the odd variables , 77^ satisfy, after 
introducing anticommutativc Dirac brackets as in [3, cqu. (4.11)], 

(4.11) {c,an = -^s''5,,, 

(4.12) {vlvir+^~^S^'Sab, 
and 

(4.13) {a,vir+^o. 

cf. [3, equ. (4.19)]. 

In view of (4.6), (4.7) we then derive 

(4.14) {^l^r}*^^-^6^^^,. 

Canonical quantization — with h = 1 — then requires that the correspond- 
ing operators Xa i xl satisfy the anticommutativc rules 

(4.15) [xl^l\+=^{xlxl}*+ = S''Sab 
and 

(4.16) [mi\+ = [xlxi\+^0, 

cf. [2, equ. (3.10)] and [3, equ. (4.17)]. 

We could then define a finite dimensional Hilbert space, using Berezin 
integration, where these operators would be acting, this is done e.g., in [14, 
p. 1494], or we could observe, writing Xb for Xb^ f'tc, that Xb rcsp. xi can be 
looked at as being annihilation rcsp. creation operators in the antisymmetric 
Fock space, cf. [4, chap. 65]; note that Dirac used the reversed symbols for 
the annihilation and creation operators. 

Wc adopt the view to represent the operators as operators in the antisym- 
metric Fock space. Let 770 be the vacuum vector, normalized to II770II = 1; 
then the vector space, where the operators are acting, is spanned by rjo and 
by 

(4.17) xLiXa. ■■■XL%, 

(4.18) Xa'Xa'---xi[VO, 

and mixed products 

(4.19) xl'Xa'---xl''xl'-Vo, 

where all operators acting on rjQ have to be different otherwise the result 
will vanish. Hence, the vector space is a finite dimensional subspace of the 
antisymmetric Fock space. 

Defining the number operator 

(4.20) < = xlxl 
we deduce from (4.15) 

(4.21) xlxl = I-<- 
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(4.26) 7" = i 



The vacuum vector 770 belongs to the kernel of all n^, hence we have 

(4.22) XaXam=Vo- 

Xa a-nd Xa adjoints of each other, i.e., is self-adjoint, and there holds 

(4.23) XaVo=0 y{a,^) 
in view of 

(4.24) = <r?o = Xlxlvo. 

Moreover, the vectors in (4.17), (4.18) and (4.19) are normalized eigenvectors 
of with eigenvalues 1 resp. depending on the fact if Xa happens to be 
acting on 770 or not. 

The fcrmionic Hamiltonian is equal to 

(4.25) = mixa'^X^we~^ . 
Using the definition of 7°, 

we deduce 

(4.27) ,^^/^^ = _(^a;^^_^^;^y, 
where 

(4.28) l<a<2 A 3<a<4 

with similar definitions for 6, &, etc. 
Hence, we conclude 

(4.29) Hp, = mixfxl " xfxD^e-^ 

where of course the factor we~-^ will be taken care of when we shall con- 
sider the full Hamiltonian and the Hamiltonian constraint resp. the Wheeler- 
DeWitt equation. Note that the sign of m is irrelevant for our considerations. 
However, for definiteness, we shall assume m > 0. 

Let us now quantize the bosonic part. Without changing the notation we 
shall assume that the complex fields 'P, z have real valued components by 
doubling their dimensions, i.e., 4> and C now have 2n real components 

(4.30) <P = (^0 A z= (2'), 1 <i<2n. 

Before we apply the Legendre transformation, let us express the quadratic 
derivative terms with the help of a common metric. 
For < A,B <'ln+ 1, define 

(4.31) (y^) = (/,^o,^\^'), 

(4.32) (Gab) = diag(-12a^/e2^, 12,6 12„,l2„)e^ 
and 

(4.33) V^3{4 + 8^l\zf + \z\^). 
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Then J in (4.3) can be expressed as 



J = / w{G AB ^,y^ ^v"" - 2a-^ Ae^l -Ve-f -Ue-1} 

(4.34) 



+ / {:T(x?ixL-fxU")-m(xfxl-X?Xa)e-M- 



Applying now the Legendrc transformation wc obtain the HamiUonian 



w 



(4.35) 



w 



= {^C^^PAPB + 2allAe^f + Ve-f + f/e"-^} 

+ "^(xfxl-X»"xl)e"^w 
= Hw, 

and the Hamihonian constraint requires 

(4.36) i/(2/^,Xa,xLPA) = 0. 

Canonical quantization stipulates that, in case of the bosonic variables, 
we replace the momenta pA by 

(4.37) PA = 

where h = 1, and for the fermionic variables we consider xIl and x° as cre- 
ation resp. annihilation operators in a 2^" dimensional subspace Ti of the 
antisymmetric Fock space as described above . 
Thus, the Hamilton operator is equal to 

(4.38) H = -^A + {V + U)e-f + 2a-,} Ae^f + m(xfxl " xf Xa)e"^, 

where the metric Gab is a Lorcntz metric, i.e., the bosonic part of H is 
hyperbolic. 

Ignoring for the moment a crucial first-class constraint wc haven't consid- 
ered yet, which is due to the variables ylj, we have to find wave functions 

(4.39) * = *(y), 
where 

(4.40) * : ]R''"+2 ^ 
such that 

(4.41) = 0; 

moreover, we even have to find a spectral resolution of this problem. 
We shall consider wave functions of the form 

(4.42) ■^{y)^u{y)®if], ?7 e -^i, 
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where u belongs to a suitable Hilbert space consisting of complex valued 
functions. 

Let 'i' — u (E) f] he a, smooth functions, then 

(4.43) A^ = ^^^iV\G\G^''^B). 
Now, 

(4.44) |G| = 864a^/e4("+i)^ 
and hence 

(4.45) -A^ = A(e(2"-i)/0) _ 2a'^^^o,pe~f - ^vj/g"/, 

where (a"^) is a positive definite diagonal matrix 

(4.46) (a"^) = diag(2^, j^l2„), 

and the indices range from 1 < a, /3 < 2n + 1, and A is the Laplacian with 
respect to the 2n variables <P^. ^q,^ are ordinary partial derivatives of ^I*. 
Thus, we deduce from (4.38) that the Wheeler-DeWitt equation looks like 

^e-^("+i)/ A(e(2"-i)/|^) - a"%„,e-/ - A^e-f 

(4.47) dy"' dy°' 

+ iV + U)^e-f + 2a-^Ae^f^ + m{xjx\ " X^xD^e"^' = 0. 
Multiplying this equation by e-^ we have proved: 

4.1. Theorem. The Wheeler-DeWitt equation for the functional J in (4.3) 
has the form 

(4.48) i?i* + iJ2* + i?Fi*-i?o* = 0, 
where 

dy° ^ dy' 



(4.49) Ho^ = _^e-(-+i)/£^(e(--)/^) - 2a-yle^/v,, 



(4.50) Hi'i = -a"'^*a^ + y^-, 

(4.51) ff2'I' = -54* + C/*, 
and 

(4.52) HF,^ = mixfx:~xtxl)'i'- 

We emphasize that and / denote the same real variable. 

Before we can solve the Wheeler-DeWitt equation we still have to formu- 
late and satisfy the first-class constraint resulting from the presence of the 
variables Aj. This will be done in the next section. 
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5. A FIRST-CLASS CONSTRAINT 

The Lagrangian functional in the previous section contains as non-dynamical 
variables the Aj, besides the w, which has already been taken care of by the 
Hamiltonian constraint. 

The requirement that the first variation of the functional with respect to 
compact variations of all variables should vanish leads to a set of constraint 
equations due to the presence of the ^1*. 

(ylj ) is an arbitrary antisymmetric matrix in C" with trace zero if n > 1. 

To compute the first variation of J with respect to the vl* , we look at the 
integral in (4.34) on page 15. Since we also have to differentiate the Dirac 
term it is best to rewrite the quadratic form 

(5.1) kGAB^y^y''-^-' 

in the form 



(5.2) lGAB§y^f,y^w-\ 
where 

(5.3) {y^) = if,ipo,z\C); 
z*, are complex components and C symbolizes 

The terms involved are 



(5.4) hGAB§y^§y^w-' + ^(x.ix^ - ix^x.). 

Let us first look at the bosonic term and because of the symmetry it suffices 
to consider the z'. 

The independent components of (A^) can be labelled as 

(5.5) yljj^, l<k <m<n, 
and 

(5.6) Al,l <k <n-l, 

if n > 1, no summation over k. Since tr(ylj) = 0, we assume the first {n — 1) 
diagonal elements to be independent imaginary variables and 

(5.7) All ^-Y, At 

k=l 

Let us start with a component 

(5.8) ^™ = a + ib 

for 1 < k < m < n. 
By observing that 

(5.9) pA = GAB§y''w-\ 

we deduce that the terms in (5.4) involving the numbers a, b are 

(5.10) ^{pkAtz^^ +PrnAZ^z'' +PkAlz^^ +PrnAZ^z''}, 
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or equivalently, 

(5.11) ^{Pkia - ib)!"" - pmia + ib)z^ + pk{a + i&)z" - p„(a - ib)z''}. 
Differentiating first with respect to ^ we obtain 

(5.12) i{pfcz" - p„,z'=} + i{-Pmz' + Pkz-^}, 
and differentiating with respect to — yields 

(5.13) i{pfcz" - p™z'=} - \{-p,nz'' + Pkz""}. 
Differentiating the diagonal terms we obtain 

(5.14) i{pfcz'= - pkz''} - liPnz" - pnz"} 
for 1 < A: < n — 1. and 

(5.15) ^{pz-pz}± 
in case n = 1. 

Looking at the terms in (5.12) and (5.13) we see they represent the real 
rcsp. imaginary part of the complex term 

(5.16) pfcZ™ - pmz'^, I < k < m < n. 

Note that the variables are still complex Grassmann variables and not yet 
operators. 

When formulating the constraint equations, the terms in (5.12), (5.13) 
will be set to vanish. Hence, these equations are equivalent to the complex 
equations 

(5.17) pfez™ - p^z'' = 0, 1 < fc < m < n, 
as well as to their complex conjugates 

(5.18) pkz"" - pmz'' = 0, l<k<m<n. 

5.1. Remark. After quantization the left-hand sides of the equations 
above will be linear operators in a space of complex valued test functions. It 
will turn out that the operator resulting from (5.18) will be the adjoint of the 
operator resulting from (5.17), what is already evident since the quantization 
process will turn complex conjugation into forming the adjoint. 

Similar arguments apply when we differentiate the Dirac terms. The terms 
in (5.12) resp. (5.13) will then correspond to 

(5.19) mixtx": - X?„X^} 

rcsp. 

(5.20) mixtxT + x'Lxt}, 

hence, the equivalent to (5.17) will be 

(5.21) 2igixlXa, 
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and the equivalent of (5.18) 

(5.22) -2i5iX^Xfe. 
The diagonal term has the form 

(5.23) ^9l{xlxl " X^^X^}, 1 < fc < n, 

where the summation convention is not used for the index fc, but of course 
for the index a. In case n = 1 we have 

(5.24) igirXa- 

Since we shall later, after quantization, when these terms have turned into 
operators, apply the operators to complex valued wave functions, we consider 
the complex expressions as the primary terms to determine the constraints. 

The full constraint equations are 

(5.25) lk,m+ gJk,7n+ 9ilk,m = 0, 1 < k < m < u, 
or cquivalently, their complex conjugates, 

(5.26) lk,ni + gJk.m + gilk,m = 0, 1 < k < m < n, 

(5.27) Ik + gJk + gJk =0, 1 < fc < n, 
and 

(5.28) lo + gJo + gJo =0, n = 1, 

where lk,7n, h resp. /q represent the terms in (5.17), (5.14) resp. (5.15), Ik.m, 
Ik, resp. lo are defined by the equations (5.21), (5.23) resp. (5.24), while 

(5.29) lk^,n = {^fcC" - 7r,„C'}, 

(5.30) Ik = H^feC - TTfcC"} - H^nC - ^nC}, 

and 

(5.31) ro = H^c-<}|. 

The coupling constant gi appears because it entered into the definition of 
the covariant derivatives of and x, but not in the case of z. 

The constraint equations are first-class constraints, according to Dirac, 
after quantization they have to be satisfied by the wave functions. 

The terms for the fermionic variables can already be looked at as operators 
in the antisymmetric Fock space. For the quantization of the bosonic terms, 
we only consider Ik.m, h and lo- Writing 

(5.32) pk = p^k + iPyk 
and 

(5.33) Pk = - ipyk 
and replacing pk, Pk by the operators 

(5.34) Pk ^ -*{af^+*ofr}, 
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(5.35) p, ^ -^{^^,^} 

wc deduce from (5.17), (5.14), and (5.15), without changing the notation. 



(5.36) 



d I. d . , „ d „ 9 N 



and 

(5-38) ^" = t(^^-y£) + f- 

When we use the formulation (5.18) instead of (5.17) the operator Ik^m in 
(5.36) will be replaced by its formal adjoint 

7* ( k ^ m ^ \ ( m ^ k ^ \ 

(5-39) ( ■ d d d d \ 

The differential operators Ik.m, etc., are similarly defined; we shall denote 
the corresponding variables by i* and y', 1 < i < ri. 

To solve the Wheeler-DcWitt equation we have to define a Hilbcrt space 
generated by wave functions satisfying the constraint equations 

(5.40) {lk,,n + gilk..^ + gi4,m)* = 0, 
or equivalently, 

(5.41) {11^^ + gi\^ + gJl,^)^ = 0, 
and 

(5.42) [h+gilk + giik)-^ = Q- 

In case n = 1, 

(5.43) (/o+,9ifo+gi?o)* = 0. 

Later we shall define various Hilbert spaces and before defining a Hilbert 
space we shall deliberately decide which constraint formulation, either (5.25) 
or (5.26), we shall use at the classical level, where both formulations are 
equivalent, since it will make an important difference after quantization. 

The Hilbert spaces will be tensor products, where, to address the con- 
straint equations, it suffices to restrict our attention to wave functions of the 
form 

(5.44) = u{z,z)®rj, 

where {z,z) e M*" = M^" x R^" and -q belongs to the antisymmetric Fock 
space. Occasionally, we also use the symbol C instead of z. 
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To solve the constraint equations, we consider each factor u and rj sepa- 
rately. 

r] belongs to a finite dimensional subspace J-i . Define the linear map 

"("-!) 

(5.45) Ao = {lk,m)l<k<m<n : Ti ^ ^ . 

Let J^Q be the image of 

(5.46) J-i9r;^7?=(77,...,r,)e 
and Aq be the map 

(5.47) Ao = (ffc)i<fc<„ : To ^ -^i""'. 
We then look for eigenspaces of ~iAo 

(5.48) Fa=={r]efo- - iAoV = cr?7 }, 
where we identify rj and (rj, . . . ,ri), i.e., we especially consider 

(5.49) C J-i. 

5.2. Lemma. The eigenvalues a of —iAo belong to the set 

(5.50) M4 = {-4,-3,...,0,...,3,4} 

and each possible eigenvalue is assumed. The are mutually orthogonal. 

Proof, (i) The claim that the eigenvalues are elements of M4 will be proved 
in Lemma 5.4. 

(ii) In order to prove that every element of M4 is indeed an eigenvalue we 
shall give a list of eigenvectors belonging to Fcr for each a £ M4. 



(5.51) xi---x7m(^ F_4, 

(5.52) X1X2X3V0 G F_3, 

(5.53) X1X2V0 e i^-2, 

(5.54) XbVoeP^i, 

(5.55) 770 e Fo. 
For 1 < & < 4 define 

(5.56) V,^xl--xl---Xi-'---Xb''vo, 
then 

(5.57) Tjb e Fb. 



Since the eigenvectors are especially eigenvectors of the self-adjoint oper- 
ator —ill, eigenvectors belonging to different eigenvalues are orthogonal. □ 
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5.3. Lemma. Let x^j Xar 1 ^ !i where k is fixed, be creation resp. 
annihilation operators in the antisymmetric Fock space, then the eigenvalues 
of 

(5.58) h = Xlxt 
where we use summation over a, belong to the set 

(5.59) Afi = {0, l,...,TOi}. 

Proof. We use induetion with respect to mi. When mi = 1 this result is due 
to the fact that a number operator is a projector. 

Thus assume that the claim has already been proved for mi < m with 
m > 1 and set mi = m. Let A be an eigenvalue of Ik and rj an eigenvector. 
Then we write rj as 

(5.60) V = m+V2, 
where rji can be written in the form 

(5.61) m = xU 

and 772 can be written as a linear combination of standard basis vectors which 
do not contain the creation operator Xk- Hence, 772 belongs to the kernel of 
XfeXi and we deduce 

m 

(5.62) Xiu + Mi = ^m+Y. ^kXtv- 

a=2 

Let Xk ^'^^ both sides of this equation then 

m 

(5.63) Ax^r;2=5]xfcXaXfc^2 

a— 2 

and we conclude either that 0<A<m— lor that r]2 =^ 0. 
Suppose Ti2 = 0, then, in view of (5.62), we obtain 

ni 

(5.64) {>^~i)m = Y.^kx1m 

a=2 

yielding 

(5.65) < A < m 

because of the induction hypothesis. □ 

5.4. Lemma. Let xti Xar Xnr Xb' 1 !i a !i '^ii, I <b < m2, where k,n, 
k 7^ n, are fixed, be creation resp. annihilation operators in the antisymmetric 
Fock space, then the eigenvalues of 

(5.66) l = xtx'a-x'nXb, 

where we use summation over a and b, belong to the set 

(5.67) Ml = {-m2, -m2 + 1, . . . , 0, 1, . . . , mi}. 
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Proof. We use induction with respect to m2. Actually we only prove it for 
7712 = 1 and refer for the further steps in the induction arguments to the 
proof of the preceding lemma. Thus, let m2 = 1 and let A be an eigenvalue 
of / with eigenvector rj. Split 77 similarly as in (5.60) 

(5.68) ■n^Vi+V2, 
where now 

(5.69) VI = Xit 
Then, we infer 

(5.70) A771 + A772 = /?? = Zfc77 - 771, 
and conclude further, as in the proof before, 

(5.71) Ikxlm = Axi772, 

hence, we either have < A < 777,1, in view of Lemma 5.3, or r/2 = 0. The 
latter would imply, because of (5.70), 

(5.72) Zfc7yi = (A + l)77i, 

completing the proof of the lemma. □ 

5.5. Definition. Let be one of the eigenspaces in Lemma 5.2, then we 
define in case (T^ > 

(5.73) F^, = { ,y e F,,, : h^mV = y 1 < k < 7n < n} 
and in case di < 

(5.74) F^, = { ?7 e F^, : f^,™?? = Vl<fc<?77<7i}. 

5.6. Remark. The fermions defined in Lemma 5.2 which belong to F^. 
also belong to Hence, we have 

(5.75) dimF^. > 1 VI < i < 9. 

The eigenspace Fq, i.e., ai = 0, will be of special importance, since it 
contains the SU(3) fermions used in forming the quarks, when 77. ~ 3, as we 
shall prove: 

5.7. Lemma. Let n > 2, then the dimension of the eigenspace Fq is at 
least 16. It contains the mutually orthogonal unit vectors 

(5.76) xL-'-Xm* VMg7'({1,2,3,4}), 

where T'dl, 2, 3, 4}) is the power set 0/ {1,2, 3, 4}, and the operators Xm ^'"^ 
defined by 



(5.77) xli 



I, M = 0, 

Xai'-'Xa,' M = {al,...,a^}, 
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where, for definiteness, the factors in the product are ordered by the standard 
order of the natural numbers, i.e., in the definition above, we assume 

(5.78) fli < 02 < • • • < fli. 

Proof. Easy exercise. □ 

Next, wc fix an eigenvalue cji with corresponding eigenspace F^. , where we 
emphasize the convention (5.49), and we want to define a matching bosonic 
Hilbert space T-L{<Ji) such that 

(5.79) lqU~Q A IqU—'-iOiU VlieH(lTi), 

and \ < q < n, and such that 

(5.80) Ik.raU^Q A Ik^mU^Q Vue-H(cr.), 

for aU 1 < fc < 7TI < n, if ai > 0, and 

(5.81) llmu = A ll^u^O yuenia,), 
for aU 1 < fc < TO < n, if ai < 0. 

5.8. Remark. The Hilbert spaces 

(5.82) H(a,) ® F^^ 

would then be mutually orthogonal and its elements would satisfy the con- 
straints. 

We shall show that this procedure is always possible; we formulate and 
prove the result for generic differential operators lk,7n,lk, resp. for /J^, Ik, 
and for n > 2 — the case n = 1 will be dealt with in Section 8. 

5.9. Theorem. For any r G N there exists a largest infinite dimensional 
subspace 

(5.83) £:c C,°°(M2'\C) 
such that all u ^ E satisfy 

(5.84) lk,mu = Vl<fc<m<n 
and 

(5.85) IkU = —iru VI < fc < n. 

Moreover, let V{z) ~ Vb(|2p) be a smooth potential, Vq e C°°(M), then E is 
invariant with respect to the operators 

(5.86) u-^Vu 
and 

(5.87) u Au. 
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Proof. We first prove that there exists an infinite dimensional subspace with 
the above properties. For any p G C^(M) tlie function 

(5.88) V^PiM^) 
satisfies 

(5.89) lk,m'P = A hv^O. 
Let 

(5.90) Un = x" + iy", 
then 

(5.91) IkUn = —iun V 1 < fc < n 
and 

(5.92) lk,mUn = Vl<fc<771<n. 

Since Ik, Ik.m are hnear differential operators of first order we infer that 

(5.93) w = < 
satisfies 

(5.94) hu = -iru Vl<fc<n. 
Let p G C^{M.) be arbitrary and define 

(5.95) v = uip, (p = p{\zf), 
then V is smooth and 

(5.96) IkV = —irv VI < fc < n, 
as well as 

(5.97) lk^,nv = 0. 

Since the support of p is arbitrary, the functions v in (5.95) generate an 
infinite dimensional subspace E C C^(M^",C). 

Obviously, E is invariant with respect to the operator in (5.86). It remains 
to prove the invariance with respect to the Laplace operator. 

An immediately calculation reveals 

(5.98) Z\< = 0, 

(5.99) Aip = Anp + Aplz]^, 

(5.100) DiulD'if = 2r<p, 
and 

(5.101) A{ul^) = (4np + 4p|^|2)< + 4r<^. 
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Thus, E C C^(R^",C) is infinite dimensional and invariant for V and A, 
and its elements satisfy the constraint equations. To define a largest subspace 
with these properties, we consider the family 

(5.102) J" = { F C C^{R^",C) : F subspace with the above properties. } 
J" 7^ and the space generated by 

(5.103) [j F 

is the largest subspace with these properties as one easily checks, and hence 
E is the largest subspace. □ 

5.10. Theorem. For any ?' e N there exists a largest infinite dimensional 
subspace 

(5.104) C,°°(R^",C) 
such that all u ^ E satisfy 

(5.105) ll^^u = Vl<fc<m<n 
and 

(5.106) IkU = iru y 1 < k < n. 

Moreover, let V{z) — Vb(|zp) be a smooth potential, Vq G C°°(R), then E is 
invariant with respect to the operators 

(5.107) u^Vu 
and 

(5.108) u Au. 

Proof. In view of the proof of the preceding theorem it suffices to show that 

(5.109) Un = x" - iy" 
satisfies 

(5.110) IkUn = iun VI < fc < n 
and 

(5.111) l*k,mUn = Vl<fc<m<n, 

but these equations follow immediately. □ 

5.11. Remark. In the preceding two theorems the elements of E are eigen- 
functions of Ik with integer eigenvalues, which will suffice for our purposes, 
since the corresponding eigenvectors of the fermionic operators Ik will also 
have integer eigenvalues. But even in a situation when the possible eigenval- 
ues of the Ik would be multiples of a given positive number A we could define 
a matching bosonic Hilbert space by modifying the definition of the covariant 
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differentiation of the Higgs field. Instead of the definition (3.27) on page 8 
we would then define 

(5.112) = <P,^ + XgiA^^, 

5.12. Remark. If the potential V depends on additional variables f = 
(D, l<i<m, 

(5.113) V^Voi\z\^A), 

which do not enter into the constraint equations, then a largest subspace can 
be constructed by choosing the test functions in (5.88) to be of the form 

(5.114) ^ = p{\z\^0, 
with 

(5.115) pe C;?°(M X M"\C). 

The resulting largest subspace would be part of (R^" x M™ , C) and 
invariant with respect to V as well as with respect to the Laplacians ^^^271 
and ZiRm or any smooth partial differential operator in (M™ , C) . 

6. The electro- weak interaction 

The gauge group of the electro-weak interaction is SU(2) x U(l). To 
implement the U(l) action we have to use the SU(n -I- 3) model with n = 1. 
As noted in Section 3 the SU(1 -I- 3) gauge field contains a general u(l) 
connection. 

For the realization of SU(2) wc could cither use the same method, i.e., 
looking at the SU(n + 3) model with n = 2. or use the su(2) Lie subalgebra 
which is part of the SU(1 -I- 3) model as an embedding of su(2) in su(3), or we 
could simply use the fact that SU{2) is the simply connected twofold cover 
of S0(3) and employ the corresponding gauge field which is known to be 
symmetric with respect to rigid motions of R'^. 

The SU{2 + 3) model has the disadvantage of the additional constraint 
equations, so this model should be avoided when possible. The remaining two 
possibilities arc very similar. We shall choose the independent so (3) realiza- 
tion of su(2), which has already been used to define quantum cosmological 
models, cf. [9, 11]. 

Let us briefly describe how so (3) can be looked at as the Lie algebra of 
Ad(SU(2)). 

Consider the standard generators T^, 1 < z < 3, of so(3) viewed as anti- 
symmetric homomorphisms in R'^ such that 

(6.1) [T„T,]=6f_,.r,. 

Let = su(2). then a basis of ig is given by the Pauli matrices (Ji, I < i < 3, 
satisfying 

(6.2) [(7„a,] =2ie^.afe. 
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Now, the classical adjoint representation of SU(2) as honiomorphisms of g 
gives just S0(3) and 

(6.3) Ad,(iafe) -Tfe, 

see e.g., [7, Theorem 19.12] and also [6, equ. (1.12)]. 
Note that Ad~^ is two-valued. Thus, let 

(6.4) A = ifTaUjfdx' 

be an SO (3) connection, then it can be looked at as the adjoint connection 
of the SU{2) connection 

(6.5) B = ^^afcwfda;^ 

where is the form in (3.5) on page 6 for Sq = M'^. 

These connections can be extended to the spacetime by setting 

(6.6) io = So = 0. 

The additional Lagrangian terms which have to be considered in the func- 
tional in (4.1) on page 11 are 

{itr(F^,^^^) - i/27,,r^A;:A^Xo ^ + ItriF^xF'^^) 

n 

where 

(6.8) U{ip)^-ml\^\^ +bo\^\\ bo>0. 

(F^x) is the field strength of the SU(2) adjoint connection (A^), which we 
write in the form 

(6.9) A^ = A^+A^, 

where is the fiat connection, hence = i^lj.) is a tensor; 'jab is the 
Cartan-Killing tensor of the Lie algebra. The corresponding term in the 
functional represents the mass of the connection: ft is called the mass of the 
connection A^, cf. [9, p. 2]. 

(Pfj.^) is the field strength of the SU(1 + 3) connection. We now denote 
the connection by C instead of A and consequently C will be the effective 
U(l) connection. 

With respect to the Dirac terms, the Higgs field and the Yukawa terms we 
roughly follow the definitions and notations in [6, p. 201], see also [15]. 
From [9, equ. (3.15)] we obtain 

i tr(^,,;,F^^) - '^fljatr^AI^Air^o^ = 

where we have to set (p = if, R = and fi = — /i, when comparing the 
reference with the present situation. 
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The value of 

(6.11) itr(F^AF^^) 

we infer from (3.20) and (3.23) on page 7, noting that now n = 1. 

Before we inspect the Higgs field ip = {Lp^,Lp'^), let us look at the Dirac 
term. 

Now, we use a different spinor basis sueh that 

(6.12) ^°^'C »)■ 

and the helicity operator 7'^ is represented as 

/l \ 



>0 -I, 



(6.13) 7^ = -7°7^7^7^ = 
i.e., writing a spinor ip in the form 

(6.14) ^ - (^^ 

then X = iXa), 1 < a < 2, is left-handed and 77 = (77^), 1 < /? < 2, is 
right-handed. 

The Dirac terms in (6.7) have to be understood as inserting 

(6.15) V ^ (^^), l<t<2, 



and 

(6.16) en 



where and cr are Weyl spinors 

(6.17) i'-(iL) A efl = (efl^). 
The covariant derivatives of resp. are defined by 

(6.18) D^L' = + r^L' + g^B^V + y^C^V 
and 

(6.19) D^j,eR = Cfl:,^ + T^e,. + qzC^cr, 

where 172, 53 are positive coupling constants. Note, that, whenever U or cr 
are acted upon by the Dirac matrices 7", then they have to be expressed in 
the form (6.15) resp. (6.16), while, when acted upon by the Pauli matrices, 
they are simply Weyl spinors. 
The terms 

(6.20) C^V A C^CR 
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are defined by using tlie convention in (3.13) on page 6 as well as the remarks 
following (3.27) on page 8, hence 

(6.21) Cfe = 0, 1 < A: < 3, 
and 

(6.22) CqU = idL\ 1? G M. 
Let us write (6.18) explicitly in terms of 

(6.23) (^^ A L\ 



and similarly for eji. 

Applying the definitions of 7°, we then deduce, by replacing at the end 
of the computation 

(6.25) V ^ Veif 
and 

(6.26) eR ene^f 
without changing the notation, 

(6.27) L^El^rD^L, = -zL^£L>-ie-3/ + fg^^L^L^e-^/ 
and 

(6.28) iRE^^Df^eR = -«ef £efl„u;-ie-3/, 
where 

(6.29) = + 
and 

(6.30) Jt^Ra = e_R,Q + gzi-dcRa. 

Let us now consider the Higgs field ip = {tf^{t)), 1 < i <2. Its covariant 
derivative is defined by 

(6.31) D^^ = (^,^ + .gaSpV' + f C^"^, 
hence 

(6.32) Da'p^ip^ ^i^'p, 

(6.33) Dk^p = -i^CpcTk^p, 
and 

(6.34) - igA<^i?^^:DX^^ i^„-2£^£^„ |g2^2|^|2g-2/_ 

Writing the complex functions (/s' as 

(6.35) ip'^a'+ib\ 
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we infer 

(6.36) _. _ , 

-hiiV'^eRa-ieRo.L"^), 

hence, after quantization, it will be a self-adjoint operator in the finite di- 
mensional Hilbert space generated by the fermions. However, the operator 
will depend on the spatial variables a^, hi, which will turn out to have very 
important consequences. 

Note that a similar term appears on the right-hand side of (6.27), i.e., 
even without the Yukawa term there would be a sclf-adjoint operator in 
the antisymmetric Fock space depending on the spatial variables — for the 
consequences we refer to Remark 11.5 on page 52. 

The constants (?2, ffa, &o and he are assumed to be positive, while mi may 
be real or imaginary. Note that the sign of h,. is irrelevant. 



7. Quantization of the full Lagrangian 

Adding the terms in (6.7) to the functional J in (4.1) on page 11 and 
following the procedures in Section 4 we arrive at an analogue of equation 
(4.34) on page 15 which reads 

J a 

- (3^4 + 3m^2 + fssV'l^l' + V + U+ fg2^i?iL)e"^} 



2i 

C''--'^) , f ("^/-aD i I TaDri , -a D \ , 

{ 2(X^ TtXa + + eRTt^^Rc.) + c.c. 



- m{xU, - xUl)e-^^ - he (a.(efl.i'" + L^'^CRe.) 

+ bii-icRcL^" + iL^"eRa))e-fw}, 

where 

(7.2) V^^t + »^l\^\' + \^\\ 

z € C, is the potential coming from the energy of the connection C^, and 
where 

(7.3) GAB§y^§iy^ 

has now been modified to incorporate the new variables. Note also that the 
covariant derivative „ ^ " is defined differently depending on the variables it 
is applied to. 

The variable y = (y^) is now defined by 

(7.4) (y^) = (/,yo,z',g''^, y,^o,i,y>; ). 

SU{n) SU(2)xU(l) 
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The additional variables are the real variables (poi the complex variable 2, 
and 

(7.5) <p=(^')eC2. 

Let us summarize the definitions of the covariant derivatives for the addi- 
tional variables 

(7.6) §z ^ z,t + 
cf. (3.23) on page 7, 

(7.7) = 

(7.8) = Ll^t + "i^^Ll, 
and 

(7.9) Tt^Ra ^ ^Rc, + gzi-QdRa- 
The metric (G ab) is the diagonal Lorentz metric 

(7.10) {Gab) = diag(-a^/l2e2/, 12, 6 12„, l2n, 6, 12, 6 12, l4)e^. 
Canonical quantization then leads to the Wheeler-DeWitt equation 

(7.11) i7* = 0, 
where the Hamilton operator H is defined by 

e^R = -\e^ A^2(il]Ae^^ + y + C/ + f + ?7 

+ (3^' + 3/2^^ + §52^' 1^1' + \9W^L\) 
+ m(xfxl - X^XD + /^e(a^(efl.i^" + i'^e^,) 
+ 6,(-iefl„L'"+zZ'"efl„)), 

and the Laplace operator with respect to the metric (G ab) can be expressed 

as 

(7.13) -e/^v. = ^e-(--)/|,(e(--)/0)-2a"^v,„„ 
where 

(7.14) (a"^) = diag(^, i^^^ 1 i2„, ^ i^, 1 i^). 
Replacing H by iJ without changing the notation, we then have 

(7.15) H = Hi- Ho, 
where 

(7.16) Ho^ ^ - W^e^^* 
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and 



(7.17) 



- a'^^'^ap + {V + U + V + U)'i' + {3^^ + 3m<^2 + yi^^\ip\^)'^ 

Note that the symbols /, ipo, z', ip, (po, z'^, (f'' now are variables of the Eu- 
clidean space 

(7.18) R X 

where / corresponds to the first factor. The complex variables have been 
expressed by their real and imaginary parts respectively, e.g., 

(7.19) ipk = ak+ibk- 

The terms in the last two rows of the right-hand side of (7.17) represent a 
symmetric operator in the finite dimensional Hilbert space generated by the 
fermions which also depends on the spatial variables a/c, bk and (p. 

Let us write this operator in the form 

(7.20) B + C, 

where B acts on the fermions from the SU(n) model and C on those from 
the SU(2) X U(l) model, and let us abbreviate the rest of the right-hand side 
by A such that 

(7.21) Hi=A + B + C. 

In the next section we shall define the Hilbert space in which Hi acts as a 
symmetric operator. 

8. The vector space defined by the constraints of the 
electro-weak interaction 

The functional in (7.1) on page 31 contains ?? as a non-dynamical variable, 
hence an additional constraint equation has to be satisfied. The equations 
(7.6)-(7.9) on page 32 reveal how i? enters into the Lagrangian. 

Writing z resp. ip"^ in the form 

(8.1) z ~ X + iy 
resp. 

(8.2) = f + irj' 

for 1 < i < 2, we deduce from (5.38) on page 20 that the differential opera- 
tor — we now use the notations Aq, Ao and Aq — has the form 

(8.3) Ao = |(^|-y^)+^|, 
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and a variant of (5.38) is also valid for cp', namely, 
(8-4) 53Ao-53i(r^-'f^)+*33, 

where, however, we now have to sum over i. The different coefficients are due 
to the different definitions of the covariant derivative, cf. (7.7) on page 32 and 
also Remark 5.11 on page 26 — but note that wc used the standard definitions. 

Finally, when differentiating the Dirac terms with respect to —i-^ we 
obtain 

(8.5) gaAo = ^53^ = igsi^L'^Ll + e^e/?„}, 

where the summation convention is in place for all indices. 
Hence the constraint equation is 

(8.6) (Ao+.g3Ao+,93Ao)* = 0. 

To solve this equation we first determine the cigcnspaces of Ag, or equiv- 
alently, of Aq, which is a self- adjoint operator in the 2^ dimensional Hilbert 
space 7^2 spanned by the electro-weak fermions. It has 9 eigenvalues 

(8.7) 0,i,...,f,4 

which are all multiples of i. This claim can be proved by arguing as in the 
proof of Lemma 5.3 on page 22. 

Denote by pa, 1 < « < 9, these eigenvalues and by 

(8.8) F,^ 
the corresponding eigenspaccs, then 

9 

(8.9) -^2 = 0Fp„. 

a=l 

Let Fp^ be arbitrary. We shall use the operator Aq to define a matching 
function space. 

8.1. Theorem. For any r G Z there exists a largest infinite dimensional 
vector space 

(8.10) EcC^{m.'^,C) 
such that all u ^ E satisfy 

(8.11) \qu = —i^u, 

and such that E will he invariant with respect to the operators A^i and 

(8.12) u^Vu, 
where the potential V is of the form 

(8.13) F^Fodzp). 

The claims in Remark 5.12 on page 27 are also valid. 
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Proof. The proof is similar to the proof of Theorem 5.9 on page 24 resp. 
Theorem 5.10 on page 26. First, let p e Cj?°(R), then the functions 

(8.14) v-p{\cn, 

where C — C + "iv^i 1 < « < 2, satisfy 

(8.15) ~Xaip = 0. 
Second, let 

(8.16) Uk^i^'-nf A + 
1 < fc < 2 fixed, then 

(8.17) AoUfc = -i\uk + iuk A AoUfc = i\uu + mfc 
For r e N define 

(8.18) «-4p(lCn A u = ulp{\C\^) 
where p G C^(]R) is arbitrary, then 

(8.19) Aoit = — i^u + m A Aqu = «§u + iu 

and these functions, u resp. u, generate an infinite dimensional subspace. 

The invariance properties of the subspace can be proved as in the case 
of Theorem 5.9, and the arguments at the end of the proof of that theorem 
yield the existence of a largest subspace with these properties. □ 

Next we have to define a function space such that 

(8.20) Aow = Vwe£;o. 

This can be achieved with the help of Theorem 5.10 on page 26. Let 
So C C;?°(R2,C) be such that 

(8.21) (i_ _ = _2^^; e ^;o, 
then 

(8.22) Aov = Vwe£;o. 

9. The eigenvalue problem for the strong interaction 

In this section we want to solve the free eigenvalue problem for the matter 
Hamiltonian in the SU(n), n > 2, model. The Hamiltonian can be 

expressed in the form 

i/Mi* = (-a"'^*a^i + y^) + {-\A^ + V^) + Hf,^ 

The operator Hi depends on the variables ((/jq, z') € H2 on the vari- 

ables (<?') G R^" and Hp^ acts on the fermions in a 2^" dimensional subspace 
of the antisymmetric Fock space. 
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Symbolizing the differentiation with respect to ipo by a prime and the 
Laplace operator with respect to z G R^" by A, then 

(9.2) ffi* = -^*"- J^^* + l/((^o,^)*■ 

9.1. Definition, (i) To solve the eigenvalue problem for the operator Hi, 
we choose a largest subspace Ei C C^(M^+^") the elements of which sat- 
isfy the constraint equations for the constrained operators Ik^m and Ik with 
eigenvalue r = and the invariance conditions, and define the Hilbert spaces 

(9.3) 

as the completion of Ei in the i^-norm, abbreviated simply by ||-||, and TLi 
as the completion of Ei with respect to the norm 

(9.4) {u,ii)i^\\u\\l= [ i\DrLf + \x\'\u\') 



where x = (a;*) G 

(ii) In case of the operator H2, we first have to choose one of the joint 
eigenspaces Fa-^. of the fermionic constraint operators, cf. Remark 5.8 on 
page 24. Let E2 = E2{(Jk) be the matching largest subspace of C^(R^",C) 
such that the constraint equations will be satisfied for 

(9.5) u®r], V(u,7?) G (^2 X F,J. 

Then we define the Hilbert spaces ^2 — ^2(0'^) as the completion of E2 with 
respect to the L^-norm 



(9.6) {u,u) = \\u\\^= / \u\^ 

and "^2 as the completion of E2 with respect to the norm 

(9.7) {u,u)i = \\u\\l = f {\Du\^ + \x\^'^\u\^), 

JR2" 

where x = (a;*) G R^" and p the exponent in (3.34) on page 8. 

We then have to solve three eigenvalue problems for the Hamiltonians Hi 
in Hi, I < i < 2, and for the fermionic Hamiltonian Hp-^ restricted to Fg-^. 
Hp-^ corresponds to a quadratic form, i.e., there holds 

(9.8) a[£„ri)^{HF,^,Ti) y^V^J^i. 

where a is a hermitean bilinear form. In general the spaces F^^, will not be 
invariant with respect to Hp-^^ — note, however, that the 16 mutually orthog- 
onal unit vectors given in Lemma 5.7 on page 23 are all eigenvectors of Hp^ . 
We therefore define a new fermionic Hamiltonian operator Hf = Hf{ak) as 
the unique self-adjoint operator Hf G L(Fa-^, Fg-^) satisfying 

(9.9) aitv) = {Hf^,v) y^veFg,. 
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Its eigenvectors will then complement the eigenvectors of the bosonic Hamil- 
tonians. 

When solving the bosonic problems it suffices to look at just one operator, 
and wc choose H2 because the corresponding potential U is more general and 
the proof slightly more elaborate. 

9.2. Theorem. The linear operator H2 with 

(9.10) D{H2) = -B2 C 

is symmetric and semi-bounded from below. Let H2 be its self-adjoint 
Friedrichs extension, then there exist countably many eigenvectors 

(9.11) Ui e H2 ^ % 
with eigenvalues Xi of finite multiplicities of H , 

(9.12) H2U^ = A,u,, 
satisfying 

(9.13) (u„Mj)=0 Vz^j- 

(9.14) Xi < Xi+i A lim A,; = 00. 

>-oo 

The (ui) are complete in 'H2 o,s well as in H2. 

Proof, (i) We shall derive the existence of eigenfunctions from a general vari- 
ational problem. The symmetric operator H2 defines a sesquilinear form a 

(9.15) a{u,v) = {H2U,v) = I {^D,uD'v -\- Uuv} Vm.w G £'(^2), 
where we used that 

(9.16) H2u:=^ ~^Au + Uu yueD{H2), 

and integrated by parts. In view of the estimates (3.34) on page 8 the qua- 
dratic form 

(9.17) a{u,u) + C2\\u\\^ 
is equivalent to 

(9.18) {u,u)i. 

Furthermore, the norm ||-|| is compact relative to ||-||i, i.e., if 

(9.19) u,-tU inH2, 
then 

(9.20) in-H2, 
where we used the trivial embedding 

(9.21) 7^2-^ H2; 
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the property described in (9.19), (9.20) can be rephrased that this embedding 
is compact. 

The compactness proof is similar to the proof of [10, Lemma 6.8], where 
a one dimensional analogue has been considered, but the arguments in the 
higher dimensional case are the same. 

A general variational argument which goes back to Courant-Hilbert, see 
e.g., [8], then yields the existence of a mutually orthogonal sequence (ui) of 
eigenvectors solving the variational relation 

(9.22) a{u^,v) = X,{iH,v) Vw G 

such that the relations (9.13), (9.14) and the completeness claims in 'H2 as 
well as 7^2 are valid. 

(ii) To prove (9.12) we consider the closure H2 of H2. Let u G D{H2), 
then there exists a sequence Uk G D{H2) such that 

(9.23) Uk ^ u in ^2, 
and 

(9.24) H2Uk^H2U in 7^2. 
Define fk formerly by 

(9.25) h = H2UU. 
Multiplying the equation 

(9.26) H2{uk - ui) fk ~ fi 
by (wfe — ui) and integrating by parts we conclude 

(9.27) a{uk - ui,Uk - ui) < \\fk - fi\\ \\uk - ui\\, 

hence, (wfc) is also a Cauchy sequence in ^2, and we conclude further 

(9.28) D{H)C-H2- 

The Friedrichs extension H2 of H2 is then defined by 

(9.29) H2 = HX\ 

where H2 is the adjoint of H2. 

Now, let Ui be an arbitrary solution of (9.22), then we deduce immediately 

(9.30) u, G d{h:^) a H*u^ = \u,, 

proving (9.12). □ 

A finite number of the eigenvalues Xi of the variational solutions can be 
negative, since the potential U is not supposed to be non-negative, but only 
subject to the estimates in (3.34) on page 8. 

The positivity of the smallest eigenvalue Aq can be guaranteed under the 
following assumptions: 
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9.3. Theorem. Let ci,C2 be the constants in (3.34) and let ci be fixed, 
then there exists a positive constant cq such that the smallest eigenvalue Xq 
of the variational problems (9.22) is strictly positive provided 

(9.31) C2 < Co. 

Moreover, for fixed C2, let 

(9.32) Ao = Ao(ci) 
be the smallest eigenvalue, then 

(9.33) liminf Ao(ci) = cx). 

ci— ^oo 

Proof, (i) Let us first prove the positivity of Aq, if (9.31) is satisfied. The 
eigenfunction of the smallest eigenvalue Aq is a solution of the variational 
problem 

(9.34) J{v)= [ {^\Dv\^ + U\v\^) ^ mm \fveK, 
where 

(9.35) K = {v eH2: \\v\\ = l}. 

In view of (3.34) on page 8 J can be estimated from below by 

(9.36) / a\Dvf + c,\x\'P\v\^-C2\vf). 



Denote by J the functional 

(9.37) J»- / i^\Dv\' + ci\x\'nv\'), 
then the variational problem 

(9.38) J(w)^min ^veK 

has a solution uq with eigenvalue Aq > 0, i.e., there holds 

(9.39) < Ao = J({to) < J(w) yveK. 
Thus, setting 

(9.40) Co - Ao 

will prove the first claim. 

(ii) To prove (9.33), we argue by contradiction. Let ci_fc be sequence 
converging to infinity and Uk a corresponding sequence of first cigenfunctions 
such that 

(9.41) Ao,fe< const Vfc. 
Hence, we have 

(9.42) J(uk)^Xo,k^Xo,k\\ukf. 
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Since C2 is fixed, we deduce from (9.36) 

(9.43) / {\\Duk\^ + ci^k\x\''P\uk\^) < + C2 < c. 
The sequence (ufe) is therefore bounded in 'H2 and 

(9.44) hm / |x|2P|zi,.|2 = 0, 

and we conclude, since the embedding 

(9.45) 7^2 ^ n2 

is compact, that a subsequence, not relabeled, converges weakly in ^2 to a 
function u such that 

(9.46) Uk-^u mn2; 
hence, = 1 contradicting 



(9.47) 



/ \x\^P\u\^ <\im [ \x\^P\uk\^ ^ 0. 



□ 



For the Hamiltonian Hi similar results are valid. The potential V then 
satisfies 

(9.48) ci\x\'^<V, ci>0, 

if a; = (a;*) £ Hence, the smallest eigenvalue Aq is always positive, 

but we cannot manipulate its size, since we cannot adjust V. 

Combining the results for the Hamiltonians Hi, H2, and Hp^ we have 
proved: 

9.4. Theorem. For each F^^ C J^i, 1 < fc < 9, there exist infinite di- 
mensional Hilhert spaces Hi and'H2 and corresponding self-adjoint operators 
Hi,H2 and Hf in F„^, such that the functions in 

(9.49) Hi®H2® F^, 

satisfy the constraint equations, and complete sequences of eigenf unctions 

(9.50) u, e -Hi A e -H2 

for Hi resp. H2 and finitely many eigenvectors for Hf 

(9.51) m&F^.- 

The products 

(9.52) =Ui(®Vj®Tji 
are then eigenf unctions of 

(9.53) Hi+H2+Hf. 
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Relabeling the eigenvalues and eigenf unctions we get a sequence of eigenvalues 
Xi and corresponding eigenf unctions '^i such that 

(9.54) < A, < Aj+i A liniA,; = oo, 

(9.55) ff2*z = A,*„ 
where, by abusing the notation, we define 

(9.56) H2 = Hi+H2 + Hf, 
and 

(9.57) D{H2) = ((*0.eN). 
H2 is then essentially self-adjoint in 

(9.58) n2='Hi®'H2®F,,. 

10. The EIGENVALUE PROBLEM FOR THE ELECTRO-WEAK INTERACTION 

The matter Hamiltonian of the electro- weak interaction is the sum of two 
Hamiltonians which are strongly coupled and cannot be treated separately. 

(10.1) Hm,=H3 + H^, 

The bosonic variables are {(f, tpo, z, ip^), where ip, tpo are real variables, z com- 
plex and ((^') a complex doublet, the Higgs field. Only z and are related 
with the constraint equations. 

Let us denote the coordinates according to 

(10.2) ((^, ifio, z, if') {x, y,x + iy, f + irf). 

and the Laplacians in M? resp. by A resp. A. 
With these notations there holds 

Ho^ = — Lr Lr L^^ _ + V + U 

-'-'3* 12 Q^2 24 Qy2 12^* 2^* T V ^ u 

(10.3) + ^ 3-^2 ^ |g2^2(|^|2 ^ |^|2) ^ Ig^xZ^L^ 
+ /ie(?,(eflai'"+Z'"efl„) 

+ mi-^eRa.L"' +iL"'eRa.)), 

where 1 < a < 2, 1 < i < 2. 
The potential V is defined by 

(10.4) V = I?;!" + 82;2(x2 _^ ^ ^^2 ^ ^2^2^ 

and U by 

(10.5) U = bo{\e + \v\'r~rnl{\e + \vn, 
where 6o > and mi can be real or imaginary. 

Let V be the potential 

(10.6) V = 3x'' + iflx^ + yix^m^ + hi'), 
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then we see that the sum of all three potentials has the same structure as the 
potentials in the case of the strong interaction, namely, 

(10.7) - C2 + ci\x\^ <V + V + U <c\ + 4, 

where x £ — but this usage is restricted to this particular estimate. 

We also see that the fermionic operators have coefficients depending on 
(x,^*^,??'^) and therefore the eigenvalue problem cannot be separated in 
bosonic and fermionic parts but has to treated in a fermions valued func- 
tion space. The eigcnfunctions will be non-trivial fermionic fields 

(10.8) *:R**^J"2, 

where is the subspace of the antisymmetric Fock space spanned by the 
fermions. 

i?3 is obviously formerly self-adjoint and the eigenvalues of the fermionic 
operators — disregarding their coefficients as well as 52 and hf. — are absolutely 
bounded by a numerical constant ag. 

Thus, using the symbol u instead of ^P, if 

(10.9) e c:?°(R^ ^-2) 

then 

(10.10) {H^u,v)^{u,H-iv) 
and 

(10.11) 



{H:,u,u)= I {a'i{D,u,Dju) + {V + V + U)\\uf 

\g2xao{u, u) + hei^''ak{u, u) + r]''bk{u, u))}, 



where 

(10.12) - a'W,DjU 

represents the elliptic main differential part of i^s, and ag, a^, bk, I < k < 2, 
arc the sesquilinear fermionic forms, e.g., 

(10.13) ao = iZ^L^, 

and the scalar product under the integral sign is the scalar product in J^2 
with corresponding norm ||-j|. 

Let X S J-2 be normalized, ||x|| = 1, then 

(10.14) max(|ao(x,x)U«fe(x,x)|,|&fc(x,x)|) <«o Vl<fc<2, 
and we deduce, that for any 6 > 



{H3U,u)> / {a'^D,u,Dju) + {V + V + U)\\u\\^ 

(10.15) JE8 

where c is a numerical constant. 

Note that u has values in J-'2, i.e., if we fix an orthonormal basis in J^2, 

(10.16) u=(u^), 
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then 

(10.17) a'^D.u, Dju) = a'W.u'^DjUA, 
and 

(10.18) ci\\Duf < a'^D^u^Dju) < C2\\Du\\^, 

where ci, C2 are positive numerical constants, and the norm is the norm in 

To solve the eigenvalue problem we first have to define the Hilbert space. 
Fix an eigenspace Fp^, 1 < a < 9, of Aq in ^"2, cf. (8.9) on page 34, and 
let Eo C C^iM.'^^C) resp. E C C^{R^,C) be matching subspaces, cf. The- 
orem 8.1 on page 34 and the remarks at the end of Section 8. Then we 
define 

(10.19) E^E{pa) = Eo®E®Fp^ 
and consider i? as a subspace of (R* , Fp^ ) 

(10.20) c Cf'(M^FpJ, 
where its elements are functions 

(10.21) u = u{x) = (u^) 
with pointwise norm 

(10.22) Wuf^u'^UA- 

10.1. Definition. Let be the completion of E with respect to the L^- 
norm, where we define for u Cz E 

2 _ / IL,I|2. 



(10.23) \\u\\^ = / \\u 

the norm inside the integral is the norm in J-2. 

The Hilbert space Tis is defined as the completion of E with respect to 
the norm 



(10.24) \\u 



\i = I {\\Dur+\xnuf}. 

JK8 



Though E is invariant with respect to the potentials and the respec- 
tive Laplace operators it is not invariant with respect to because of 
the fermionic operators which also depend on spatial variables. To define 
a meaningful symmetric operator satisfying the constraints, we consider the 
quadratic form associated with H^^ which is defined in (10.11). Denote this 
quadratic form by 03, 

(10.25) 03(^,1;) = (i?3M,u) \/u,v£E. 

In view of the estimate in (10.15), 03 is semi-bounded from below in 'H3, or 
more precisely, we have 

(10.26) a3{u,u)>ci\\u\\l~C2\\uf \f u C E; 
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for a proof simply choose the parameter S in (10.15) large enough. 
On the other hand, 03 can be estimated from above by 

(10.27) a3{u,u)<c[\\u\\l + c'2\\uf <c\\\u\\l ^ueE, 

where the second inequality is valid because of the embedding 

(10.28) 

is compact; the constant c'^ in the second inequality is of course different from 
the corresponding constant in the first inequality. 

Thus, 03 has a natural extension to H3 and we can apply the general 
variational principle to find a complete set of eigenfunctions. 

10.2. Theorem. There exists a sequence of normalized eigenfunctions Ui 
with real eigenvalues Xi of finite multiplicities such that 

(10.29) asiu^v) = X,{u„v) e ^3, 

(10.30) A, < Aj+i A limA, =00, 
and 

(10.31) a3{ui,Uj) = {ui,Uj) = ^ii^f- 
Define the linear operator by 

(10.32) D{Ti) ^ {{u,),^n) A T^u, = \u, e N, 

then T3 is densely defined in ^3, symmetric, essentially self-adjoint and there 
holds 

(10.33) a3(u,w) = (r3W,u) yu,veD{T3). 

Proof. We only have to prove the claims about the operator T3. T3 is certainly 
densely defined and satisfies (10.33), since this relation is valid for u = Ui 

Hence T3 is symmetric and it remains to prove the essential self-adjointness. 
Thus it suffices to prove 

(10.34) i?(r3±z) 
But these relations are obviously valid, since 

(10.35) u,eR{T3±i) Vi. 

□ 

The closure of T3 is then the self-adjoint operator we arc looking for 

(10.36) H3 = HsiPa) = n. 

As in the case of the strong interaction a finite number of eigenvalues could 
be negative. This can be excluded by adjusting the free parameters p, and 60 
in the potentials V and U appropriately. 
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Using the notations in (10.2), (10.3) and the definitions of the potentials 
V, V, U in (10.6), (10.4), (10.5) we infer 



v+v+u> m^r + boQci' + \v\T 

+ S\x\^ + \y\' + {x'+fr~ml{\e + \vn, 
and we conclude further, in view of (10.15), 

(10.38) / {c^\\Dur + {{bo - iht^S-^ - ^-^S-'Ml' + M'f 

+ 3\x\^ + \y\^ + ix'+ff-2S)\\u\\'}, 

provided 

(10.39) 5fl>cgjalS-K 

Hence, we conclude, as in the proof of Theorem 9.3 on page 39: 



10.3. Theorem. There exists a constant d = S{ci) > such that the 
eigenvalues Xi are strictly positive provided 

(10.40) bo > ^hlat5-^ + ^ + 1 

and jl satisfies (10.39). 



We have thus solved the eigenvalue problem for each subspace Fp^ C J-2 
in a corresponding Hilbert space 

(10.41) Hsipa). 

These Hilbert spaces arc mutually orthogonal subspaccs of 

(10.42) L^{R^)(g)J-2 = L^{R^,J'2). 

The self-adjoint operators Hy,{pa) then define a unique self-adjoint operator 
Hz in 

9 

(10.43) 0H3(pa) 

a=l 

such that 

(10.44) ^3|„3,,„, = ff3(Pa) Vl<a<9. 
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11. The spectral resolution 

We shall now prove the spectral resolution of the Wheeler-DeWitt equation 
for the full Hamiltonian when gravity is combined with the strong and electro- 
weak interactions. Our proof will even be valid when a finite number of 
matter fields are involved. However, except for the actual proof, we shall only 
consider the two interactions we are dealing with to simplify the presentation. 

For arbitrary but fixed ak, Pa, 1 < a, fc < 9, let 'H2(crfc), 'Hy,{pa) be the 
corresponding Hilbert spaces and H2 resp. H-^ the (essentially) self-adjoint 
operators solving the eigenvalue problems 

(11.1) H2Ui = \iUi Ui e H2, 
resp. 

(11.2) H^Vj = pjVj Vj e Ha, 

cf. Theorem 9.4 on page 40 resp. Theorem 10.2 on page 44. 
The functions 

(11.3) cpij = Ui<S) Vj G ^2 (8) 
are then eigenfunctions of the operator 

(11.4) Hi=H2 + H3, 

(11.5) Hiifiij = (Xi + Pj)^ij, 
where 

(11-6) D{Hi) = {{(pij)(^J)eNxN)■ 

We require that 

(11.7) X^ + Pj>0 V(i,j). 

In view of the results in Theorem 9.3 on page 39 and Theorem 10.3 on 
page 45 this can always be achieved by choosing the parameters in the po- 
tentials appropriately. 

After relabeling the countably many eigenvalues and eigenfunctions we 
may assume that {ipi,pi) are solutions of the eigenvalue problem for Hi 
satisfying 

(11.8) Hicpi = piipi 

such that the {(pi) are complete in "Hi ^'H2®'Hz and the eigenvalues pi have 
finite multiplicities such that 

(11.9) ^ < Pi < Pi+i A lim/ii = cx). 

We also note that the elements ip G Hi are viewed as maps 

(11.10) p : ^ F^, (E) Fp^ C J"i «) T2, 
i.e., 

(11.11) Hi C L2(M4"+9^J-^^ 
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We are therefore in a similar situation as in [11], where we considered a 
related problem. 

The Wheeler-DeWitt equation can now be written in the form 

(11.12) i^o* = 0, 

where ^E* has to satisfy the constraints. The constraints will be satisfied, if 
we split in the form 

(11.13) * = u(g)(^, 
where Lp ^T-Li and u is a complex valued function 

(11.14) u = u{f) = u{t) 

depending on the real variable / which we shall also denote by t. 
The operator ifp is the differential operator 

(11.15) H^u = -^e-(2"+5)*(e(2"+3)*,.'y - 2a-^}Ae^'u 

cf. (7.16) on page 32, where a dot or prime indicates differentiation with 
respect to t. 

The exponents (2n + 3) resp. (2n + 5) depend on the number of the bosonic 
dynamical variables. To solve the Wheeler-deWitt equation for an arbitrary 
number of matter fields with m dynamical bosonic variables, we consider the 
operator 

rvji^ {?n + l) / (m— 3) \ / 

(11.16) i/o^ = _^e- 2 *(e 2 V) - 2a-^lAe^'u. 
In our present situation there holds 

(11.17) m = 4n + 9. 
Let Ho be defined by 

(11.18) i7oM = ~^e"^~*(e^^*w'j +2al^e^'u. 

Then, we first want to solve the eigenvalue problems 

(11.19) Hqu = Xu 
in an appropriate function space. 

11.1. Definition. For p = ^ define Ho as the completion of C^{R,C) 
with respect to the norm 

(11.20) \\u\f= [ |?/|2e(P+2)t 

and Ho as the completion of C^(M, C) with respect to the norm 

(11.21) \\u\\l= /{|?i|2ef* + |upe(P+6)*}. 

11.2. Lemma. The norm ||-|| is compact relative to 
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Proof. Let Uk G "Ho be a sequence converging weakly to zero, then we have 
to prove 

(11.22) hmllMfcll = 0. 

Let / = (a, b) be any bounded interval and X = X/ be its characteristic 
function, then 

(11.23) lim||ufex/|l =0, 

in view of the Sobolev embedding theorem saying that the embedding 

(11.24) H^ '^{I) ^ L^{I) 

is compact. 

Thus, we only have to prove 

/>oo 

(11.25) limsup / |ufcpe(P+2)t < 

Jb 

where 

(11.26) lim e{h) = 0, 

b— f oo 

and a similar estimate in (— cxj,&), h « —1, 

(11.27) limsup/ |Mfcpe(P+2)* <e(6). 

^ — oo 

Let us first prove (11.25), which is almost trivial. From 

(11.28) ||ufc||i<c V/c 
we deduce 

(11.29) / |ufcpe(f+2)*<e-4'' / |Mfe|e(P+6)* < ce-^" = e(6). 



which implies (11.26). 

The proof of (11.27) is a bit more delicate. First, we make a change of 
variables setting 

(11.30) T = -t 
such that the crucial estimate for = Uk{T) is 

/>oo 

(11.31) limsup / |wfe|2e"(f+2)" < e{h). 

Jb 

Replacing Uk by 

(11.32) UkT], 

where 7] is a cut-off function, we may assume without loss of generality that 

(11.33) suppufc C (ti,c>d), ti > 3. 
We then only use the estimate 

/•CO 

(11.34) / \uk?e-P^ <c Vfc 
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and the Hardy-Littlewood inequality 
(11.35) r\u\\-^ <(-^Y I \u\^T^-+^ 



which is valid for all u € C^iR+) and alll 7^ ct G M, cf. [12, Theorem 3.30]. 
We distinguish two cases. 

Case 1: p ^ 0. 

Then, we may choose in (11.35) cr = 2 and u = Uk to deduce 

poo POO 

(11.36) / |Mfc|V-2<4/ \uk\^<ic, 
Jo Jo 

and we conclude further 

pOO j'OO 

(11.37) / Kpe-^-^b^e-^" / K|V-^ 

Jb Jb 

if 6 > 1, hence the result. 
Case 2: p^O 

If ]3 7^ 0, wc employ another variable transformation 

(11.38) r = e^, 
such that 

(11.39) = ii = —ue'^ = u'e^, 

(XT dr 

and we infer 

/"OO /'OO 

(11.40) / \u',\^A'-P^^ / \uk\'e-P^<c, 

Jo JO 

in view of (11.33) and (11.34). 

Thus, we may apply the Hardy-Littlewood inequality with 

(11.41) (j^p + 1 
to derive 

(11.42) / \uk\^r-^P+''> < / \uk\\-(P+^'> < cr^^ ^ e(ro), tq > 1, 

where we used (11.33), completing the proof of the lemma. □ 
Let (., .) be the scalar product 

(11.43) {u,v) = / MweP* 
in Ho and 

(11.44) a{u,v) = {Hqu,v) = [ \^ui + 2a^^uve^P+'^'^*} Wu,v<Eno, 

Jk 24 J 

then, by applying the general variational eigenvalue principle, we obtain: 
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11.3. Theorem. There exists a sequence of normalized eigenf unctions Ui 
with strictly positive eigenvalues Xi with finite multiplicities such that 

(11.45) < Ai < Ai+i A liniA, =oo, 

(11.46) a{iLi,v) ~ Xi{ui,v) yvGHo, 
and 

(11.47) a{ui,Uj) = {ui,Uj) = \fi^j. 
Define the linear operator H by 

(11.48) D{H) = {{u,),eN) A Hu, = \,u, i, 

then H is densely defined in "Ho, symmetric, essentially self-adjoint and 

(11.49) a{u,v) = {Hu,v) yu,veD{H). 
Moreover, there holds 

(11.50) u,eC°°{R,C) 
and 

(11.51) ^^0",; = Hui = Xiiii. 

Proof. We only have to prove (11.50) and (11.51), since the proof of the other 
statements is identical to the proof of Theorem 10.2 on page 44. 
From (11.46) we immediately deduce 

(11.52) HoiLi XiUi 

in the distributional sense, hence (11.50) is vahd, which in turn imphes 
(11.51). □ 

An immediate consequence of the preceding result is: 

11.4. Theorem. Let ^ > 0, then the pairs (ui,Xi) represent a complete 
set of eigenf unctions with eigenvalues 

(11.53) A, = A,//-i 
for the eigenvalue problems 

(11.54) Hqu = Xnu. 
The rescaled functions 

(11.55) u,{t) ^ u,{t ~ \\ogXi) 
then satisfy 

ry^f (m + 1) / (m — 3) \f 

(11.56) __^e-^*(e^X) + 2allX-\^'u, = ^iu., 
or, if we set 

(11.57) A, = -A- " 
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(m+1) / (m— 3) \f 

(11.58) -liJe-^*(e^*M^j ^ 2allA,e^'u, ^ fiu,. 

We can now prove the spectral resolution ol the Wheeler-DeWitt equation. 
Let ip) resp. (A, u) be a solution of 

(11.59) Hiip^mp 
resp. 

(11.60) Hqu^Xhu, 
and set 

(11.61) * = u(g)(p, 
then 

(11.62) ffo* = Affi§, 

or equivalently, in view of the preceding theorem, 

(11.63) i?o* - iJi^- = 0, 
where 

(11.64) 'i = u(E)(p, 

(11.65) u(t) = u{t- ^ log X), 



(11.66) Ho^^-^e 2— * e^^**' - 2a^/yle'***, 



24 
and 

(11.67) yl = -A-^ 
One easily checks that belongs to 

(11.68) no^HiCHof^Hi, 

cf. the corresponding considerations in [11, section 3]. 

Let Ui resp. ipj be the eigenfunctions of Hq resp. Hi, then 

(11.69) ^ij = Uj (g) ipj 

form a complete set of eigenfunctions in Hq <E} Hi of the linear operator 

(11.70) H = HoHi'=Hi'Ho, 
such that 

(11.71) = Ay*y AiAi7^«'ij, 
where 

(11.72) DiH) = ((^-.jOc.jOeNxN). 
The rescaled functions 

(11.73) ^'(i,.) = t'(t~ilogA,,,.) 
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are solutions of the Wheeler-DeWitt equation with cosniological constant 
(11-74) - -A-.3. 

11.5. Remark. H is essentiaUy self-adjoint in T-Lo ® T~Li and we consider 
it to be the Hamiltonian associated with the physical system defined by the 
interaction of gravity with the matter fields. The properly rescaled eigen- 
functions "^ij are solutions of the Wheeler-DeWitt equation. We refer to [11, 
section 3] , where these connections have been explained and proved in greater 
detail. 

The wave functions ^' are maps from 

(11.75) * : R''"+i° ^ J-i ® J-2 

and in general the eigenstates ^' cannot be written as simple products 

(11.76) * = uri, 
such that 

(11.77) 'n^Fi®F2 A u(a;)eC Va;eR''"+i°. 

Thus, in general it makes no sense specifying a fermion -q and looking for an 
eigenfunction ^I* satisfying 

(11.78) i?(1') C {rfj. 
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